INTRODUCTION
The possibility of excluding all electromagnetic (EM) fields from a certain region without perturbing the vicinity has been extensively studied since the pioneer work proposed by Pendry et al. [1] . Based on a coordinate transformation, the cloak presented in the related original paper must disperse and can be wholly efficient only at a single frequency. For this reason, most of the works dealing with cloaking have long been focused on monochromatic EM waves [2, 3] , which elude the dispersion effect. However, the authors recently looked into more physical dispersive cloaks [4] . In particular, it has been theoretically shown that the frequency center of a quasimonochromatic wave is blueshifted in the forward direction after passing through a spherical cloak [5] .
The central aim of this paper is to employ a full-wave numerical analysis of the response of a cylindrical cloak to a quasi-monochromatic EM wave in order to illustrate how some phenomena emerge from the dispersive nature of the device. The simulation will be carried out using the transmission line modeling (TLM) method. The TLM method can model the EM field by filling the space with nodes made of intersecting transmission lines [6, 7] ; as a time domain method, TLM can well describe the physical aspect of the cloaking process [8] .
The first part will deal with TLM of cloaking structures. In its original form, TLM exploits the well-known L -C distributed network [9] representation of homogeneous dielectrics and magnetic materials in which the quantities L and C represent positive equivalent permeability and permittivity , respectively. Simply interchanging the position of L and C leads to an equivalent dispersive material that assumes negative values for both and [10] . Therefore, we will focus on the dispersive nature of TLM mesh for metamaterials.
Second, it will be shown that the frequency center of a quasi-monochromatic wave is blueshifted in the forward direction for the cylindrical cloak after passing through the cloaking structure. It will be demonstrated that the frequency shift distribution depends on the observation angle; in particular a redshift occurs in some directions.
Leonhardt first stressed that the cloaking device causes a time delay [11] , which has been deeply studied afterward by using ray-tracing simulations [12] . Such a geometric optics description is valuably interesting, but the fact that it constitutes an approximation (reflection is inevitably ignored, for instance) requires deeper analyses. We propose to confirm this physical aspect of the cloaking dynamics in a full-wave simulation. Furthermore, time delays associated with cloaks based on nonlinear coordinate transformations will also be simulated.
TRANSMISSION LINE MODELING METHOD
The coordinate transformation,
which can compress the space from 0 Յ rЈ Յ R 2 to the concentric annular region R 1 Յ r Յ R 2 , yields the well-known formulas [2] ,
if ␣ = 1. These r-dependent quantities lead to the ideal cloak at a single functional angular frequency, which we will refer to as 0 in this paper. Dealing with quasi-monochromatic waves is delicate since they do not differ much from perfectly monochromatic waves; consequently, numerical errors in the modeling have to be minimized. In this sense, Cartesian coordinates, which are usually employed [13, 14] , lead to staircase approximations when one wants to model the curved shape of the layered cloak. To avoid this undesirable phenomenon, we will use TLM cylindrical nodes whose shape assumes the geometry of the cloaking shell [15, 16] . Therefore, with such nodes, it is not necessary to approximate the curved geometry with many Cartesian cells anymore. Furthermore, since and tend to infinity at the inner boundary, numerical simulations use to adopt approximations arising from the truncation of the inner layer given that they cannot deal with infinite values. With the TLM, dielectric and magnetic constants tending to infinity do not have any detrimental consequence since it can be proven that the limits of the TLM scattering matrix elements still remain finite in this case [17] . That is why this extreme value will be used in the modeling, which will contribute to the improvement of the accuracy of our simulation.
As an illustration of the reachable accuracy, let us consider a 2 GHz EM wave incoming on a cloaked perfect electric conductor (PEC) cylinder. The cloaking shell, with an inner radius of R 1 = 0.1 m and an outer radius of R 2 = 0.2 m, is made up of 200 layers. The polarization is transverse magnetic (TM), which means that the magnetic field is oriented along the axis of the cylinder (z direction). The computed magnetic field distribution is displayed in Fig. 1(a) . Note that we have used the Huygens surface technique that consists of dividing the mesh into a total-field inner region and a scattered-field outer region; absorbing boundary conditions at the outer boundary of the mesh can thus be employed, while both the total and scattered fields can be visualized in the same picture. It is plain from Fig. 1(a) that the cloaking effect can be achieved with a great precision by using TLM, with cylindrical nodes, proposed here. For instance, the scattering is shown to be almost zero in region 4. Quantitatively, the far-field scattering radiations for the cloaked cylinder and for the bare cylinder are also shown in Fig. 1(b) . It turns out that the scattering for the cloaked cylinder has been reduced by 40 dB in the forward and backward directions, and even by more along other directions, compared with the simple cylinder scattering.
The above example involved a monochromatic wave, but the aim of this paper is to deal with nonmonochromatic waves. Therefore, an important issue is in regard to the dispersion of the cloaking material in the numerical modeling. According to Eq. (2), the cylindrical cloaking shell is made up of an anisotropic material that involves different categories of EM constants: the azimuth component is always greater than 1, the radial component is always less than unity, while the axial component is either greater than 1 or less than 1 on both sides of the limit value r = R 2 2 / ͑2R 2 − R 1 ͒. Given that the interconnection between all the TLM nodes constitutes a usual distributed L -C network, TLM cannot process the exotic values of and in its original form. The problem can be fixed by substituting the L -C network by a dual one, i.e., the positions of inductors and capacitors are simply interchanged [10, 13] . Such a left handed transmission line system is dispersive, which is in agreement with the necessary dispersive nature of metamaterials. Thus, the TLM mesh, which is nothing more than the numerical incarnation of these networks, has also a dispersive nature if and are less than unity. Consequently, it is not necessary to artificially make and dispersive; both already are given that they are implemented through the dispersive mesh. An important remaining worry is what is the exact frequency behavior of the EM constants in the cylindrical mesh? We can calculate that the dispersion generated by the mesh is 
where A z and A r are two functions of r that also depend on the parameters of the TLM. They are given by the formulas
in which ⌬t is the time step of the numerical simulation; ⌬r, ⌬, ⌬z represent the size of the nodes; and Z 0 and Y 0 =1/Z 0 represent the impedance and the admittance, respectively, of the connecting transmission lines constituting the node. Let us consider a dispersive medium whose permittivity and permeability, represented by ͑͒, follow the Drude model ͑͒ =1− p 2 / 2 [18] , where p is the plasma frequency. From the last equation, we find that p 2 = 0 2 ͓1−͑ 0 ͔͒ so that ͑͒ =1− 0 2 / 2 ͓1−͑ 0 ͔͒; note that, if the dispersive medium under consideration is a cylindrical cloak, ͑ 0 ͒ is given by Eq. (2). We conclude that z ͑͒ and r ͑͒ in Eq. (3) are reminiscent of a Drude model [18] ; the factor 1 is, however, substituted by the function A z or A r . Since A z and A r depend on parameters of the numerical simulation, we will have to ensure that z ͑͒ and r ͑͒ are in agreement with the causality condition d͑͑͒͒ /d Ն 1. This condition can be derived from the Kramers-Kronig relations, which are a direct consequence of the causality principle [19] . Note that Yaghjian and Maci showed that considerations involving the EM energy conservation are capable of providing the same inequality, but they moreover proved that the relation d͑͑͒͒ /d Ն ͑͒ should be employed for metamaterials [20] . Although in some studies the Lorentz model has been employed for the permeability [21] , other contributions dealing with left handed metamaterials [22] or cloaking structures [14] do use the Drude model [18] . In this sense, it is worth emphasizing that the Drude model [18] employed in this paper does not alter any conclusions that we will obtain from the numerical simulation.
FREQUENCY SHIFT FOR A QUASI-MONOCHROMATIC WAVE
For a time domain method as TLM, a quasimonochromatic EM wave can be modeled by using a modulated sinusoid in terms of time t,
where =2f is the angular frequency (f is the frequency) of the incoming wave, while g and t m are two real numbers that define the bandwidth of the signal. The Fourier transform of h is depicted in Fig. 2 . Obviously, such an incoming wave behaves as a quasi-monochromatic wave given that its frequency domain representation is a Gaussian pulse centered on . The quasi-monochromatic nature of the wave is controlled by the parameter g: the smaller the g constant, the narrower the pulse in the frequency domain. Therefore, if g is chosen to be small enough, any scattering due to the dispersion inherent to the cloak is minimized around the cloaking frequency; and, for this reason, the frequency domain representation of the wave that passes through the cloak, i.e., the transmitted wave, should be a Gaussian too. Let us consider a PEC cylinder surrounded by a cloaking shell whose functional frequency is f 0 = 2 GHz. The structure is illuminated by a TM wave. To see exactly how the cloaking effectiveness is affected by a deviation of the frequency, we first compute the scattering width (SW) of the cloaked PEC cylinder in terms of the frequency. The result is depicted in Fig. 3 and compared with the SW of a simple PEC cylinder. As expected, the cloak is effective only for the f 0 working frequency. However, the SW is obviously very low in a certain bandwidth centered on f 0 and for which the object is still undetectable. The size of such a bandwidth depends on the sensitivity of the detector located outside the structure. In this sense, the bandwidth that may be considered as quasi-undetectable contains the whole frequency range of the plane wave plotted in Fig. 2 . Consequently, we will use this quasimonochromatic wave, with =2 ϫ 2 GHz and g =5 ϫ 10
7 s −1 , in the numerical determination of the frequency shift that follows. While a strictly monochromatic wave would pass the cylindrical cloak without distortion, the situation might change slightly for a quasi-monochromatic wave even if the bandwidth is narrow as is the case here. First, let us examine what happens in the forward direction. The H field is computed at a distance 0 (incoming radiation wavelength) from the outer boundary of the cloak. Furthermore, in order to illustrate how the response is sensitive to the assumed dispersion, two different sets of ͕ z ͑͒ , r ͖͑͒ are considered. Concretely, TLM parameters are set such that A r ͑r͒ = 0.10/ r and A z ͑r͒ = 0.13/ r in one case, and A r ͑r͒ = 0.21/ r and A z ͑r͒ = 0.13/ r in the other case. As an example, we plot r ͑ /2͒ in Fig. 4 at the vicinity of the inner boundary of the cloak, precisely at r = 0.11 m, for the two dispersion profiles. Therefore, the corresponding frequency domain representation, obtained by Fourier transform, is displayed in Fig. 5 for both relations of dispersion. The frequency centers of the new pulses result to be shifted toward higher frequencies; this corresponds to a blueshift of the wavelength. Concretely, it turns out that the frequency centers of the pulses have been shifted by 0.45 and 0.74 MHz depending on the assumed dispersion. This shows that the frequency shift phenomenon is a direct consequence of the dispersion of the optic constants, and higher slope values lead to more intense blueshift effects. To provide some insights on the relationship between the profile of the constitutive parameters and the observed frequency shift, let us consider Fig. 6 in which r ͑ /2͒ has been plotted at r = 0.1, 0.11, and 0.12 m. It is plain from this figure that there exists a frequency for which r = 0 for the three curves. Of course, at r = R 1 , the frequency that makes r equal to zero is the working frequency of the cloak, in agreement with Eq. (2). However, because of the assumed dispersion, when r increases r reaches the zero value for lower frequencies. The same effect is observed for z . These zero values of the optic constants lead to a concentric wall for the EM wave that enables it to go further toward the inner boundary of the cloak. Thus, while the higher frequency (blue light) components of the quasi-monochromatic source are capable of reaching the PEC core, the lower components (red light) are scattered by the wall before, i.e., for r Ͼ R 1 . As evinced in Fig. 6 , the apparent radius of the wall is different depending on the frequency component under consideration. Accordingly, the scattered and incident fields should interfere differently depending on the frequency. Moreover, each layer of the cloak is described by a different dispersion profile. Therefore, the interactions inside the cloak are complex and a numerical treatment may be useful. To understand how they interfere, the cloak is illuminated by a monochromatic wave whose frequency is slightly deviated from the cloaking frequency (2 GHz). Concretely, the frequencies of the incoming wave are chosen to be 1.99 and 2.01 GHz; the results are displayed in Figs. 7(a) and 7(b), respectively. We observe that scattering does exist in these two cases, but the interaction between the incident and the scattering fields is not the same: (1) for 1.99 GHz, the total field is less intense than the incident field, meaning that the scattered field destructively interferes with the incident field; (2) for 2.01 GHz, the scattering strengthens the in- Fig. 4) , while the blue dotted curve corresponds to A r ͑r͒ =0.21/r (i.e., curve 2 in Fig. 4) . The frequency shift depends on the relation of dispersion. But when r increases, the frequency that renders r = 0 increases. cident field, which leads to a more intense total field. This means that, on one hand, the amount of red light tends to diminish and, on the other hand, the amount of blue light increases. That is why the blueshift effect occurs overall.
We now numerically calculate the frequency shift along other directions; the result is depicted in Fig. 8 . The shift continuously spans a large spectrum, going from negative to positive values. The corresponding redshift occurs around 35°. Such a distribution can be explained in terms of constructive and destructive interferences as well. In that sense, the ratio between the amplitudes of the total and incident fields, for f = 1.99 and 2.01 GHz, is plotted in Fig. 9 . In the forward direction, in agreement with Fig. 7 , this ratio is greater than unity for 2.01 GHz while it is less than unity for 1.99 GHz. However, the predominance of the blue light over the red light can be inversed for other angles. In particular, for f = 1.99 GHz and in the range of 25°-45°, the scattering constructively interferes with the incident wave given that we observe a greater amplitude of the total field than the amplitude of the incident field. This tendency is reversed for the blue light so that, overall, a redshift of frequency is expected with a maximum at 32°, in agreement with Fig. 8 . It is important to insist that it is the specific employed dispersion that leads to this particular angular distribution. Indeed, the dispersion profile is directly related to the apparent size of the EM wall (for f Ͻ f 0 ) and, therefore, to the kind of interaction between the scattered and incident fields for each frequency component.
TIME DELAYS
Because the EM constants of the cloak are r dependent, the wave velocity is expected to follow a certain distribution: Chen and Chan showed that the velocity decreases when getting closer to the inner boundary of the invisible shell for a spherical cloak [12] . What about the cylindrical cloak? Let us consider a TM wave incident upon a cylindrical cloak; the incoming magnetic and electric fields can be expressed as
From Eq. (6), the EM field in the cloak can be derived using [19] 
where f͑r͒ is the transformation function in Eq. (1). From Eq. (7), the total EM energy density can be obtained as
while the mean value of the Poynting vector is
From Eqs. (8) and (9), we can get the velocity according to u = S / W [19] ; finally, the calculation gives
where c is the speed of light in free space. For the purpose of illustration, the distribution of the velocity in a cloak that is dispersive in accord with the Drude model [18] is depicted in Fig. 10 for = 0°, 45°, and 90°. It is plain from this last figure that the velocity is smaller near the inner boundary of the cloak. Thus, once the EM wave has passed through the cloak, the process of reaching different points located on a plane normal to the direction of propagation should be completed with a time delay. Equation (10) has been derived in order to make intuitive the fact that time delays must exist. However, it would be incomplete to use such an approach based on geometric optics (ray-tracing analysis) to determine the magnitude of time delays. Only a full-wave analysis can provide rigorous information for the reasons mentioned in the following:
(1) For a monochromatic plane wave there would be matching of the impedance at the interface of two adjacent layers. However, because of the dispersion, it is not the case for the nonmonochromatic plane wave involved in that study. That is why the cloaking device scatters (even if the scattering is small) if it is illuminated by a nonmonochromatic plane wave. The consequence is that the plane wave interacts with an object, the cloak, whose dimensions are similar to the wavelength. As a result the time delays are mainly due to diffraction, which cannot be treated by geometric optics and rays of light.
(2) Since the cloaking shell is anisotropic and inhomogeneous, the direction of propagation of the EM wave is not necessarily the same as those of the ray of light.
(3) In Section 3, it has been shown that the low frequency components cannot reach the inner boundary of the cloak, while the high frequency components can. Therefore a serious distortion of the signal is expected at the vicinity of the inner boundary. A ray, which is only a theoretical object, cannot take into account such a distortion, while the physical nonmonochromatic wave definitely can.
Time delays cannot be computed if the incoming wave is monochromatic given that the cloak would induce no distortion in this case; in other words, the incident and the transmitted signals would overlap making impossible the distinction between each. Instead, suppose that the incoming wave is quasi monochromatic and is modeled using the modulated sinusoid of Eq. (5), with the cloaking frequency chosen to be f 0 = 6 GHz. The permittivity and permeability are given by Eq. (3) with A r ͑r͒ = 0.10/ r and A z ͑r͒ = 0.13/ r. Note that these parameters are those that were used to get the red curve 1 in Figs. 4 and 5 . The H field is calculated in the forward direction at the distance x 0 = 0 from the cloak outer boundary. In Fig. 11 , we compare the H field in the absence and in the presence of the whole structure in terms of time, normalized by the period of the incident wave, T 0 =1/f 0 . Obviously, if the envelope of the signal is considered, the presence of the cloak results in the EM wave to reach x 0 with a time delay. Since the wave frequency is high, oscillations resulting from the sine in Eq. (5) cannot be observed and we have, therefore, enlarged a certain portion of Fig. 11 . It is important to study the response of cloaking devices based on nonlinear coordinate transformations [23] , i.e., with values of ␣ not equal to 1 in Eq. (1). Let ⌸ 2 be the plane normal to the x axis at point x 0 . Let t td be the deviation between the required times for the EM wave to reach ⌸ 2 with and without the presence of the whole structure. Let us consider the line, contained in ⌸ 2 , which points along the y direction. Depending on the position of the point under consideration, t td is expected to take different values. In the following, we propose to compute t td (normalized by T 0 ) in terms of the distance y from the x axis. To calculate t td , we look at the EM power associated with the signal. We first calculate the total power P 0 of the incident wave. Then, we admit that the required time for the transmitted wave to reach ⌸ 2 is when the power P 0 / 2 has flowed through ⌸ 2 . The result is depicted in Fig.  12 for ␣ = 1, 0.75, and 0.5. As expected, t td decreases when deviating from the x axis. Furthermore, the time delay is plainly sensitive to this type of transformation, with the linear one rendering the delay smaller. For completion's sake, we have tried other frequencies for the incoming wave. The obtained curves turn out to be different from those presented in Fig. 12 . The reason is that the phenomenon mainly comes from diffraction; thus the time delay has to depend on the size of the cloak or, equivalently, on the frequency of the incident wave.
We pointed out the deficiency of the ray-tracing model at the beginning of this section. Therefore, discrepancies between Eq. (10) and our numerical results are expected. For example, it is plain from Fig. 10 that the velocity is a monotonically increasing function of the radial component r. On the contrary, Fig. 12 evinces that the time delay is constant in a certain range. Furthermore, if the above parameters are modified so that A r ͑r͒ = 0.21/ r and A z ͑r͒ = 0.13/ r (as it has been done in Section 3), the amount of time delay should be altered. Concretely, we have verified that the time delay is increased in the forward direction, which cannot be entirely explained in the limit of geometric optics. Indeed, as pointed out in [12] , a ray would take nearly infinite time to propagate along the propagation axis given that the velocity approaches zero at the inner boundary of the cloak (see Fig. 10 ). These two comments illustrate that the ray approach is unable to take into account all the material effects as diffraction or distortion of the wave.
It is worth noting that our numerical simulations show that there is a slight pulse broadening. This result was expected given that the constitutive parameters of the cloak disperse, which means that each frequency component propagates with a particular velocity. However, the frequency band of the incident wave is narrow. Therefore the constitutive parameters do not suffer an important variation and the pulse broadening cannot be directly observed in Fig. 11 . As evinced in Fig. 4 , using A r ͑r͒ = 0.21/ r and A z ͑r͒ = 0.13/ r increases the slope of the dispersion curve around the working frequency. It has been checked that these parameters lead to a wider pulse broadening.
Finally let us emphasize that the physical origin of both time delays and frequency shifts is the dispersion of the constitutive parameters of the cloak. If the cloak was not dispersive, neither time delays nor frequency shifts would be observed. Nonetheless, they differ in the mechanism. Time delay is related to diffraction while the frequency shift is related to the apparent size of the concentric wall for each frequency component of the incident wave. In addition, the frequency shift reflects the magnitude of the transmission for each frequency while the time delay reflects the phase profile of the transmission for each frequency.
CONCLUSION
The interest in the response of a cloaking shell to a nonmonochromatic plane wave derives from the dispersive nature of the invisible device; confining the study to one single frequency eludes this aspect. In this sense, the fullwave simulation of a cylindrical cloak illuminated by a quasi-monochromatic EM wave is able to reveal and confirm interesting phenomena.
We report in this paper the TLM of such a configuration by using cylindrical nodes. We showed first that this treatment provides significantly precise results. When passing through a cylindrical cloak, the frequency center of a quasi-monochromatic wave is blueshifted in the forward direction. This phenomenon is known for a spherical cloak but had not yet been demonstrated for its twodimensional equivalence. In other directions, shifts with other intensities occur; we found out in particular that a redshift can take place. Another aspect is in regard to time delay. It is shown that the EM wave envelope exhibits a delay in the process of reaching a plane located at a constant distance from the device. Furthermore, time delays, which mainly come from diffraction, strongly depend on the coordinate transformation that yields the parameters of the cloak.
